Abstract: This paper presents an analytical approach to investigate the non-linear dynamic response and vibration of an imperfect three-phase laminated nanocomposite cylindrical panel resting on elastic foundations in thermal environments. Based on the classical laminated shell theory and stress function, taking into account geometrical non-linearity, initial geometrical imperfection, Pasternak-type elastic foundation, and temperature, the governing equations of the three-phase laminated nanocomposite cylindrical panel are derived. The numerical results for the dynamic response and vibration of the polymer nanocomposite cylindrical panel are obtained by using the Runge-Kutta method. The influences of fibres and nanoparticles, different fibre angles, material and geometrical properties, imperfection, elastic foundations, and temperature on the non-linear dynamic response of the polymer nanocomposite cylindrical panel are discussed in detail.
Introduction
Laminated composites have become indispensable in several modern-day applications, such as for use in highperformance structures in the fields of civil, marine, and aerospace engineering, among others. Therefore, the static and dynamic stabilities of sandwich laminated composite structures have attracted the attention of many researchers around the world. Jin et al. [1] presented the use of a digital image correlation technique to investigate the thermal buckling of a circular laminated composite plate subjected to a uniform distribution of temperature load. Lei et al. [2] investigated the first-known vibration analysis of thin to moderately thick laminated functionally graded carbon nanotube reinforced composite rectangular plates. Rossol et al. [3] developed a meso-scale finite element model to study the effects of weave architecture on the strain and stress evolution in an eightharness satin SiC/SiCN composite. Yatim et al. [4] studied the strength and behaviour of simple supported partially connected composite plate girders, while Garcia et al. [5] suggested a methodology for delamination assessment in free vibrating composite laminate plates. Aykul [6] carried out a residual stress analysis on symmetric and anti-symmetric cross-ply and angle-ply thermoplastic simple supported laminated plates for transverse loading. Based on isogeometric analysis and higher-order shear deformation theory, Loc et al. [7] researched the geometrically nonlinear analysis of laminated composite plates. Ansari et al. [8] proposed an efficient numerical method in the context of variational formulation and on the basis of the Rayleigh-Ritz technique to address the free vibration problem of laminated composite conical shells. Jun et al. [9] introduced an exact dynamic stiffness approach for vibration analysis of laminated composite beams with arbitrary ply orientation. Norouzi and Rahmani [10] presented exact analytical solutions for anisotropic conductive heat transfer in composite conical shells.
The components of structures widely used in aircraft, reusable space transportation vehicles, and civil engineering are usually supported by elastic foundations. Therefore, it is necessary to include the effects of elastic foundations for a better understanding of the buckling behaviour and loading carrying capacity of composite structures. Tornabene [11] applied the generalised differential quadrature method to study the dynamic behaviour of anisotropic doubly curved shells and panels of revolution with a free-form meridian resting on WinklerPasternak elastic foundations. Sofiyev [12] discussed the buckling analysis of composite orthotropic truncated conical shells under a combined axial compression and external pressure and resting on a Pasternak foundation. Zhang and Liew [13] presented a post-buckling analysis of functionally graded carbon nanotube reinforced composite plates resting on Pasternak foundations. Joodaky and Joodaky [14] introduced a semi-analytical closed-form solution for governing equations of thin skew plates with various combinations of clamp, free, and simple supports subjected to uniform loading rested on the elastic foundations of Winkler and Pasternak. Tornabene et al. [15, 16] presented the static and dynamic analyses of laminated doubly curved shells and panels of revolution resting on Winkler-Pasternak elastic foundations using the generalised differential quadrature method. Lei et al. [17] studied the buckling behaviour of functionally graded carbon nanotube reinforced composite thick skew plates resting on Pasternak foundations based on an element-free approach.
A three-phase composite is a material consisting of a matrix, reinforced fibres, and particles. The main role of reinforced fibres is to improve the strength of the material, while that of the particles is to prevent cracking and plasticity. The accurate eccentric impact analysis of preloaded shape memory alloy composite plates using novel mixed-order hyperbolic global-local theory is presented by Shariyat and Hosseini [18] . Almeyda et al. [19] applied the asymptotic homogenisation method and derivation of anti-plane effective properties for three-phase magneto-electro-elastic fibre unidirectional reinforced composites with parallelogram cell symmetry. Chung et al. [20] presented an investigation of polymeric composite films using modified TiO 2 nanoparticles for organic light-emitting diodes. Duc and Minh [21] determined the bending deflection of three-phase polymer composite plates consisting of reinforced glass fibres and titanium dioxide (TiO 2 ) particles. Hao et al. [22] dealt with the threedimensional simulation of microstructure evolution for three-phase nanocomposite ceramic tool materials. Zhou et al. [23] investigated the elastic modulus of concrete as a three-phase heterogeneous composite. A large deformation, isogeometric rotation-free Kirchhoff-Love shell formulation is equipped with a damage model to efficiently and accurately simulate progressive failure in laminated composite structures in the work of Deng et al. [24] . Recently, Duc and Thu [25] and Duc et al. [26] studied the non-linear static analysis of three-phase polymer composite plates under thermal and mechanical loads. Duc et al.
[27] also presented an investigation on the non-linear dynamic response and vibration of imperfect laminated three-phase polymer nanocomposite cylindrical panels resting on elastic foundations and subjected to hydrodynamic loads (without temperature).
This paper presents an analytical approach to investigate the non-linear dynamic response and vibration of an imperfect three-phase laminated polymer nanocomposite cylindrical panel resting on elastic foundations in thermal environments. Based on the classical laminated shell theory (CLST) and stress function taking into account geometrical non-linearity, initial geometrical imperfection, a Pasternak-type elastic foundation, and temperature, the governing equations of the three-phase composite cylindrical panel are derived. Numerical results for the dynamic response and vibration of the three-phase laminated polymer composite cylindrical panel are obtained by using the Runge-Kutta method. The influences of fibres and nanoparticles, material and geometrical properties, foundation stiffness, imperfection, and temperature on the non-linear dynamic response of the three-phase laminated composite cylindrical panel are discussed in detail.
Determination of the elastic modules of the three-phase composite
In this paper, the algorithm that was successfully applied in Refs. [25] [26] [27] to determine the elastic modules of the three-phase composite has been used. According to this algorithm, the elastic modules of three-phase composites are estimated using two theoretical models of the twophase composite consecutively: nDm = Om+nD [25] [26] [27] . This paper considers a three-phase composite reinforced with particles and unidirectional fibres, so the model of the problem will be 1Dm = Om+1D. Firstly, the modules of the effective matrix Om, which are called the "effective modules," are calculated. In this step, the effective matrix consists of the original matrix and added nanoparticles. It is considered to be homogeneous, isotropic, and to have two effective elastic modules. The next step is estimating the elastic modules for a composite material consisting of the effective matrix and unidirectional reinforced fibres.
Assuming that all the component phases (matrix, fibre, and particles) are homogeneous and isotropic, we will use E m , E a , E c ; ν m , ν a , ν c ; ψ m , ψ a , ψ c to denote Young's modulus, Poisson's ratio, and the volume fraction for the matrix, fibre, and nanoparticles, respectively. Following
The elastic moduli for a three-phase composite reinforced with unidirectional fibres in next step, is chosen to be calculated using Vanin's formulas [28] , as ( ) 11   2  21  22 11
Similar to the elastic modulus, the thermal expansion coefficient of the three-phase composite materials was also identified in two steps. First, to determine the coefficient of thermal expansion of the effective matrix [29] :
in which α * is the effective thermal expansion coefficient of the effective matrix, and α m , α c , are the thermal expansion coefficients of the original matrix and particle, respectively. Then, determining two coefficients of thermal expansion of the three-phase composite using formulas from [28] of Vanin gives
Governing equations
Consider a three-phase composite cylindrical panel as shown in Figure 1 . The cylindrical panel is referred to a Cartesian coordinate system x, y, z, where xy is the midplane of the cylindrical panel and z is the thickness coordinator (-h/2 ≤ z ≤ h/2). The radii of curvatures, length, width, and total thickness of the cylindrical panel are R, a, b, and h, respectively. The three-phase composite cylindrical panel-foundation interaction is represented by the Pasternak model as
where
w is the deflection of the cylindrical panel, k 1 is the Winkler foundation modulus, and k 2 is the shear layer foundation stiffness of the Pasternak model.
In this study, the CLST is used to establish the governing equations and to determine the non-linear response of the composite cylindrical panels. 
in which u, v are the displacement components along the x, y directions, respectively.
Hooke's law for a laminated composite cylindrical panel is defined as 
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where θ is the angle between the fibre direction and the coordinate system. The force and moment resultants of the laminated composite cylindrical panels are determined by
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The non-linear motion equation of the composite cylindrical panels based on CLST and Volmir's assump- 
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in which w * (x, y) is a known function representing the initial small imperfection of the cylindrical panel.
The geometrical compatibility equation for an imperfect composite cylindrical panel is written as [25] [26] [27] -- ). 
Equations (24) and (27) are basic equations in terms of variables w and f, and they are used to investigate the non-linear dynamic stability of the imperfect three-phase polymer nanocomposite cylindrical panel resting on elastic foundations in thermal environments.
The three-phase composite cylindrical panel considered in this paper is assumed to be simply supported with immovable edges. The boundary conditions are 
The approximate solutions of w and w * satisfying the boundary conditions in Eq. (29) are assumed to be [25] [26] [27] ( , ) ( , )sin sin ,
where , 
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and F i (i = 1÷4) is given in the Appendix. Substitution of Eqs. (30) and (31) into Eq. (24), and applying the Galerkin procedure for the resulting equation yields From Eqs. (11) and (19), we obtain the following expressions, in which Eq. (23) 
where b s (s = 1, 2, …, 6) are defined in the Appendix. From Eq. (39), the fundamental frequencies of a perfect cylindrical panel can be determined approximately by an explicit expression as
with e is given in the Appendix.
Results and discussion
We chose the three-phase polymer composite made of polyester AKAVINA (made in Vietnam), glass fibres (made in Korea), and nano titanium dioxide (made in Australia), with the properties shown in Table 1 Table 2 shows the effects of particle volume fraction, fibre volume fraction, and elastic foundations on the natural frequencies of the three-phase laminated polymer composite cylindrical panel. It can be seen that the value of the natural oscillation frequency increases when the values k 1 (GPa/m) and k 2 (GPa·m) increase. Furthermore, the Pasternak elastic foundation influence on the natural oscillation frequency is larger than the Winkler foundation. The natural frequencies of the cylindrical panels are observed to be dependent on the particle volume fraction and fibre volume fraction; they decrease when increasing the particle volume fraction ψ c and fibre volume fraction ψ a , and the effect of the fibre on natural frequency is stronger than the particle. Figures 7 and 8 show the effect of elastic foundation stiffness on the non-linear dynamic response of the three-phase laminated polymer composite cylindrical panel. We can see that the cylindrical panel fluctuation amplitude decreases when the stiffness k 1 and k 2 increase; namely, the amplitude of the cylindrical panel decreases when it rests on elastic foundations, and the beneficial effect of the Pasternak foundation is better than the Winkler one. Figure 9 gives the effect of initial imperfection on the dynamic response of the three-phase laminated polymer composite cylindrical panel. Obviously, the imperfect coefficient has a significant effect on the dynamic response of the cylindrical panel. be seen that the amplitude of the cylindrical panel will increase and lose stability if the temperature increment increases. 
Conclusions
This paper presented an analytical approach to investigate the non-linear dynamic response and vibration of an imperfect three-phase laminated nanocomposite cylindrical panel resting on elastic foundations and subjected to uniform external pressure and temperature. The formulations are based on the CLST and stress function taking into account geometrical non-linearity, initial geometrical imperfection, a Pasternak-type elastic foundation, and thermal effects. Numerical results for the dynamic response and vibration of the three-phase polymer composite cylindrical panel with polyester matrix reinforced by glass fibres and nano titanium oxide particles are obtained by using the Runge-Kutta method. 2  2  12  11  1  2  3  2  22  22  11  11 22  12   -1  --,  2  6 ( - 
